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Abstract 



Extending earUer results on the duality symmetries of three-brane probe theories 
we define the duality subgroup of SL(2, Z) as the symmetry group of the background 7- 
branes configurations. We establish that the action of Weyl reflections is implemented 
on junctions by brane transpositions that amount to exchanging branes that can be 
connected by open strings. This enables us to characterize duality groups of brane 
configurations by a map to the symmetry group of the Dynkin diagram. We compute 
the duality groups and their actions for all localizable 7-brane configurations. Surpris- 
ingly, for the case of affine configurations there are brane transpositions leaving them 
invariant but acting nontrivially on the charges of junctions. 



1 Introduction 



The four dimensional J\f = 2 supersymmetric SU{2) Yang-Mills theory with Nf = 4 is 
a theory with full SL{2,Z) duality symmetry and global so(8) symmetry The duality 
symmetry has nontrivial implications for the dyonic spectrum of the theory. In fact the dyons 
fall into the 8v, 8s or 8c representations according to their dyonic charges (p, q). In addition, 
duality transformations permute such representations. This action can be characterized 
nicely as a homomorphism from the duality group SL{2, Z) to the permutation group on 
three objects, the group of graph automorphisms of the so{8) Dynkin diagram. 

This quantum field theory can be viewed as living on a D3 brane probe of a 7-brane back- 
ground p, ||. The 7-brane background includes the six 7-branes that compose the 
singularity of the Kodaira classification. Both the duality symmetry of the theory, and its 
interaction with the symmetry carried by the branes can be understood simply in terms 
of the 7-brane background 0, ||, H, 0, §|. It is the purpose of the present paper to give a 
precise definition of the duality group associated to an arbitrary 7-brane configuration, and 
a description of its interaction with the Lie algebra carried by the configuration. Partial 
results were given in ||^ where the duality group of a brane configuration with monodromy 
K E SL{2,Z) was thought to be simply the stabilizer subgroup of K in S'L(2, Z). While 
correct for many cases, this is not always true and further conditions must be satisfied. 

The duality symmetry of the four-dimensional effective theory is the remnant of the SL{2, Z) 
symmetry of IIB string theory. Consider the simplest case of a D3 in the vicinity of D7- 
branes. The three-brane is SL{2, Z)-symmetric while the D7-branes are left invariant by the 
subgroup generated by T G SL{2, Z); therefore the effective theory on the D3 still carries this 
subgroup as a duality symmetry (a trivial one because the theory does not have magnetic 
states). When 7-branes of different charges are involved only 1 and —1 G SL{2,Z.) leave 
each brane invariant. Those nontrivial transformations, however, which map the charges of 
the 7-branes to each other, do act as a duality symmetry of the effective theory because the 
transformed configuration is indistinguishable from the original one (although the position 
in the moduli space changes in general). The subtle task of identifying those SL{2,7.) 
matrices which permute the charges of a given 7-brane configuration will be one subject of 
our present work. The difficulty arises because there is a large redundancy in characterizing 
a background by a list of 7-brane charges. To this end we will define the equivalence classes 
of configurations along the lines of |P, [1^: equivalent 7-brane setups are related to each 



other by the process of moving branch cuts of 7-branes through each other. Then we look 
for SL{2, Z) transformations which map a given 7-brane configuration to another one in its 
equivalence class. 

Having found the "unbroken part" of SL{2, Z) one should identify how this duality symmetry 
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acts on the spectrum of the theory. As is well known from the Seiberg-Witten example, the 
duality group acts through the automorphism group of the root lattice of the algebra carried 
by the 7-branes. Such automorphisms are of two kinds: those related to the automorphisms 
of the Dynkin diagram, and those arising from Weyl reflections. In elucidating the general 
theory we have found it necessary to identify how Weyl symmetries are represented on the 
7-brane configurations. 

The states of D3 brane probe theories are strings or string junctions stretched between the 
D3 and (some of the) background 7-branes. When the 7-branes are on top of each other, 
the 7+1 dimensional low energy model is a Yang-Mills theory with some gauge algebra Q 
while the spectrum of the 4-dimensional D3-theory furnishes a representation of Q which 
is a global symmetry. When the 7-branes do not coincide (and many times they cannot) 
the states are no longer degenerate but Q is still a useful spectrum generating algebra. In 
particular states constituting the orbits of the Weyl group of Q are of the same multiplicity. 
Indeed, Weyl reflections derive from an ambiguity in the choice of a base of simple roots, 
and states related by Weyl reflections are really physically equivalent. 




(a) (b) (c) (d) 

Figure 1: Weyl transformations correspond to branch cut moves of the 7-brane configuration. 

How do Weyl transformations act on junctions? Consider a configuration of D7-branes. 
Fig. |I](a) shows two strings, Si and S2 which are in the fundamental representation of su{n) 
and are mapped to each other by the Weyl refiection with the root corresponding to a. This 
is the case because using familiar intersection rules and composition of open strings we see 
that Si + (si ■ OLjcx. = Si — a = S2. Physically, this Weyl refiection is implemented by the 
exchange process of the two D7-branes (see Fig. [l|(b)), giving us an identical theory in which 
the two states Si and S2 are replaced with each other. The cases involving mutually nonlocal 
7-branes like the one in Fig. |l](c) are treated similarly except that one should be careful when 
exchanging 7-branes because the path along which they are moved is relevant. Anticipating 
a more extended discussion later in the paper, we note that the rules for transpositions of 
7-branes imply that the transformation shown in Fig. ^(d) leaves the brane configuration 
invariant. In the process of transposition the two junctions Ji and J2 = Ji + ck (Ji ■ cx) can 
be shown to transform into each other as a consequence of prong creation taking place when 
7-branes move through strings. Thus Ji and J2, while not equivalent junctions, represent 



3 



states that are physically indistinguishable. We show generally that Weyl reflections act on 
junctions as automorphisms of the junction lattice generated by exchanging 7-branes through 
a path along which they are mutually local. 

Weyl and duality transformations are different in nature: the former is an automorphism of 
the junction lattice mapping states into states with the same asymptotic charges, while the 
latter, acting through an element of SL{2, Z) can change the asymptotic charges of junc- 
tions. In addition to this action, duality transformations are characterized by the kind of 
transformations they generate on the Lie-algebraic data characterizing the junctions. We 
show that these amount to automorphisms of the root lattice Q of the Lie algebra carried by 
the 7-branes. Sometimes duality transformations give Weyl transformations of the root lat- 
tice, in which case they relate states with possibly different asymptotic charges, but having 
essentially equivalent Lie-algebraic data. On the other hand, some duality transformations 
map to automorphisms that correspond to symmetries of the Dynkin diagram. Such trans- 
formations are never Weyl reflections, and relate states in different Weyl orbits or different 
representations. 

We define the duality group V of a. brane configuration as the subgroup of SL{2, Z) whose 
effect on the brane configuration can be undone by crossing transformations. A 7-brane 
background carrying a Lie algebra Q has a duality group T> that interacts nontrivially with 
Q when the symmetry group F of the Dynkin diagram of Q is nontrivial. We will see that 
in general there is no canonical map V \—>- T because of the surprising fact that invariant 
transpositions, transpositions that leave the brane configuration invariant, do not always 
act as Weyl transformations on the Lie algebraic data of the junction. Sometimes they 
may act as some outer automorphism of the root lattice. Since F precisely represents outer 
automorphisms, the lack of a canonical map simply results because after an SL{2, Z) duality, 
the restoring crossing transformation is ambiguous up to invariant transpositions. 

If the action of the set invariant transpositions on the Lie algebraic data induces a Weyl 
transformation then the above map is well defined. This is the case for all the configurations 
realizing finite algebras. Particularly interesting are the cases of configurations carrying affine 
exceptional symmetries |Tl|, |12|, |13], 0, . In these cases the Dynkin diagrams typically have 
nontrivial automorphism groups and therefore dualities interact rather nontrivially with the 
Lie algebra data. Also for these configurations not all invariant transpositions induce Weyl 
transformations on the Lie algebraic data of a junction. Therefore for these configurations 
the above map is only well defined with respect to a particular set of transpositions used to 
undo the SL{2, Z) transformations. In this paper we compute the duality groups T> and the 
maps to the symmetry groups F of Dynkin diagrams for all brane configurations that can be 
localized in a compactification of type IIB string theory (see ||14|| ). 

Let us mention two questions that we have not discussed in this paper. While the action 
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of dualities on root junctions determines fully the action of duality on weight junctions for 
finite algebras, in the case of affine Kac- Moody algebras more work is necessary to understand 
how dualities act on junctions that represent general weight vectors. Thus, for the affine 
exceptional configurations discussed here, our results are restricted to junctions in the root 
lattice. Second, we have not characterized the duality action for the configuration giving the 
Lie algebra Eg. Since this is not an affine Kac-Moody algebra the automorphism group of 
its root lattice appears to be unfamiliar. 



In this paper, as in our previous ones [0, we have focused on the symmetry aspects of 



7-brane configurations. Another line of works dealing mostly with tests of F-theory/heterotic 
duality has been reviewed in and some recent works of interest are |18[. 

The paper is arranged as follows. In section 2 we define equivalent 7-brane backgrounds 
and the duality group of a 7-brane configuration. Section 3 introduces the Weyl transforma- 
tions in 7-brane language. In section 4 we discuss the homomorphism between the duality 
(effective) group and the automorphism group of the Dynkin diagram of the underlying al- 
gebra. In sections 5 and 6 we systematically compute duality groups and homomorphisms 
for 7-brane configurations corresponding to finite and affine algebras, respectively. 



2 Brane configurations, duality and crossing transfor- 
mations 

The purpose of this section is to give a precise definition and begin the characterization of 
the duality group V{w) of a configuration w of 7-branes. The duality group is a subgroup of 
SL{2, Z) leaving the brane configuration invariant in a sense we describe in detail. Roughly, 
an SL{2,X) element belongs to the duality group when its action on the branes can be 
undone by a crossing transformation, that is successive operations of brane transpositions. 
We show that both the monodromy K{w) of a configuration and the (—1) matrix belong 
to the duality group T>{w). We also examine how crossing transformations act on junctions, 
and that leads to the understanding of how dualities act on junctions. In particular we show 
that the duality transformation K{w) can be defined to leave invariant junctions having 
zero asymptotic charge. The general characterization of duality groups by their action on 
junctions is left for the next section. 

Our presentation here will be formal for the sake of precision and brevity. Certainly the 
idea of the duality group of a brane configuration is not new. The duality groups of Seiberg- 
Witten N = 2 SYM theories, in particular those of the Nf < 4 SU{2) theories have been 
studied in detail and correspond to the duality groups of the 7-brane configurations where 
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these four-dimensional theories arise on a D3 brane probe. A definition of the duahty group 
for Dn>4: and Eq,Et,Es was given in 0. The present one is a refined version of that 
definition, apphcable to other brane configurations as welL 

We define what we mean by a 7-brane configuration keeping the canonical picture in mind: 
the branes are arranged along the real axis with their branch cuts going downwards and the 
monodromies are listed in the order the branes appear from left to right 0, § . 

2.1 Definitions and properties 

• Definition: 7-brane configuration or simply a configuration is defined to be a word 
of SL{2,Z) matrices conjugate to T"^. That is, a 7-brane is characterized by the 
monodromy of the axion-dilaton field r around it. Via introduction of branch cuts 
T is made single valued and [A] stands for a 7-brane with a cut where r jumps by 
A E SL{2,Z). To define a 7-brane background we list the branes with cuts going 
downwards from left to right. The set of all configurations consisting of n 7-branes we 
denote as C„: 

Cn3w = [Ai][A2]...[v4„] Ai = giT-'gr\ g^ e SL{2,Z), 

K{w) = ^,...^2^1 e 5L(2,Z). (2.1) 

K{w) is the overall monodromy associated with the configuration w. The purpose 
of the square bracket is to distinguish words of matrices from products of them, i.e. 
[^41^42] G Ci denotes a one-letter word of the matrix A = A1A2 while [y4i][A2] G C2 is 
a two letter word made of these two. 

• Definition: SL{2,Z) action on Cn- SL{2,Z) symmetry of IIB transforms r and 
as a consequence the monodromy of a 7-brane is conjugated by this transformation 
g G SL[2,Z). The image of a configuration is simply the word of the transformed 
matrices: 

SLi2, Z)3g:Cn-. C„ [A^][A2] . . . [A„] ^ [gA^g-%A2g-'] . . . [gA^^g-']. (2.2) 

• Definition: Transposition of 7-branes. The position of the branch cuts of the 7- 
branes are unphysical and they can be relocated by performing an immaterial SL{2, Z) 
transformation on all physical parameters in a selected region. In particular the relative 
order of the cuts can be changed but the 7-branes through which a branch cut is 
moved are subject to the same SL{2, Z) transformation. The elementary change of a 
configuration is when a cut of a brane is moved through its left hand (P) or right hand 
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(P ^) neighbor. The transposition of the m-th and m + 1-th letter of a word is thus 
performed by the following rule 0: 

(2.3) 

Pm '■ ■ ■ ■ l^m] l^mhl] ■ ■ ■ ' ^ ■ ■ ■ [^m ^mrfl^m] [^m] ■ ■ ■ ■ 

Notice that Am+iAm is conjugate to if A^+i is, therefore the result is indeed 
in Cn- Also note that in general is non trivial. 

Property 1: The transpositions satisfy the following Braid group relations: 

PmPm' Pm'Pmi if l'^ ^ | ^ 1; PmPm+lPm Pm+lPmPm+1- (2-4) 

Definition: The Group of crossing transformations (corresponding to branch cut 
moves) is defined by its action on C„. This group is generated by all transpositions 



{Pm}m=i subject to the constraint (p^ ). 



Property 2: The SL{2, Z) transformations as defined in ( |2.2| ) commute with the 
transpositions. If g denotes an SL{2, Z) transformation and b a series of transpositions, 
we have g{b{w)) = b{g{w)). To prove this it suffices to examine the case when 6 is a 
single transposition, say Pi. 

[Ai][A2] [A2][A2AiA^'] 

ig ig (2.5) 

[gAig-'] [gA^g-'] [gA2g-'] [gA^A^A^'g-'] 

Definition: Equivalence group. As explained before, if two 7-brane configurations 
differ by either an overall SL{2, Z) or by crossing transformations, they are physically 
identical. The need for distinguishing between configurations up to this equivalence 
motivates the following definition. The equivalence group of C„ is the direct product 
of the two groups: Sn = SL{2, Z) x The action of elements of £n on C„ is well- 
defined due to the commutativity of the actions of the two factors, {g, b)w = g{b{w)) = 
b{g{w)). The product on this set is defined by ((?!, 6i)(5'25 ^2) = (fi'ifl'27 &1&2) where 
giE SLi2,Z),heBn. 

Acting with an element of Cn changes the 7-branes in general. There is however a 
subgroup of Cn which leaves the configuration invariant and thus acts as a symmetry 
of the D3 probe theory. Let us therefore define 
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Definition: The symmetry group S{w) C Sn of the configuration w is given by 

Siw)~{ig,b)e£n\ ig,b)w = w}. (2.6) 

S is manifestly a group, indeed a very large one because for a given g there typically are 
many choices of b satisfying the condition {g, b)w = w. For a given g the transformation 
b is not unique because there are crossing transformations b that leave w invariant. 
These form a normal subgroup H{w) of S{w): 

niw)^{{l,b)eSiw)}. (2.7) 

The subgroup of the IIB duality group SL{2, Z) which preserves w consists of all 
those elements g G SL{2,Z) appearing in S{w). This means forgetting about the 
compensating transformation b and thus leads one to define: 

Definition: The duality group V{w) of a configuration w is defined as 

V{w) = S{w)/n{w) = {g E SL{2, Z) | 3beBn such that {g, b)w = w}. (2.8) 

This is clearly the subgroup of SL{2, Z) whose elements leave w invariant after the 
action of a suitable crossing transformation. 

Proposition: K{w) G T>{w): the duality group necessarily contains the overall mon- 
odromy. In addition, — 1 G Viw). 

Proof: Consider the configuration w = [Ai][A2] . . . [An], with Kn = K{w) = An . . . Ai. 
Also define Ki = Ai . . . Ai, for 1 < i < n. We will explicitly construct an element 
b of Bn in terms of transpositions which satisfies {Kn, b)w = w. Let us perform the 
SL{2, Z) transformation with K~^: 

[A,][A2]...[An] [K-'A,Kn][K-'A2Kn]...[K-'AnKn]. (2.9) 



As the first step, apply the product (Pi . . . P„-i) G Bn to the rhs of (|2.9| ): this corre- 
sponds to moving the cut of the rightmost brane through the rest of them; then repeat 
this process n — 1 times. We claim that not only the order of the branes is restored 
but their charges are transformed back to the original ones: 



Pl-Pn-l 

> 



Pl...Pn-l 
> 



Pl.-P, 



n-1 



[K-'AnKn][K-'AnAiAn'Kn] . . . [R-^ AnAn-lA'^ Kn] 

= [K-\AnKn-i][K-}^A,Kn-i] . . . [i^ -_\ AVi ] 

[K-^^An-lKn-l][K-\An-lAnA-\Kn-l] . . . [i^-^i A„_2<' l^^n-l] 
= [K-l2An-lKn-2][Knl2^nKn-2] • • • [^'^^ A„-2i^n-2] 

[A,][A2]...[An]. (2.10) 
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Thus we proved that the overall monodromy is indeed in the duality group, that is 

{K{W), {P,P2 . . . Pn-lY^W = {K{w)-\ (P1P2 . . . Pn-lT)w = W. (2.11) 

For the transformation = — 1 we simply note that this transformation does not change 
the word describing the configuration since for each brane [Ai] — > [gAig'-^] = [Ai\. This 
transformation is clearly in the duality group and since it plainly leaves the 7-brane 
configuration invariant it does not need to be accompanied by brane transpositions (6 
can be taken to be the identity in (|2.8| )). 



2.2 The action on invariant charges 

Having seen how the SL{2, Z) equivalence actions transform the 7-brane configurations we 
would like to know the fate of junctions ending on these 7-branes. A junction is characterized 
by its invariant charges; the effective number of prongs on each 7-brane of the configuration 
0. The action of an overall SL{2,'Z) transformation is trivial: the charges of each string 
composing the junction transform as a doublet but the invariant charges do not change. 

In general when one performs a crossing transformation, not only the 7-brane labels change 
but the invariant charges on those branes change as well. This is most easily seen from 
the active viewpoint: instead of relocating the cuts moving them through the 7-branes, we 
can move the 7-branes. Whenever a 7-brane in motion crosses a string segment, additional 
prongs on that brane might be created. 

It suffices to determine how the charges change in the transposition of two consecutive 7- 
branes, more complicated cases are considered by successive transpositions. Consider there- 
fore a junction on a pair of 7-branes [KzJ[ii'z2] = [zi][z2] with invariant charges [Qi][Q2]- 
Here we label the branes, as in ||10[ with their charge vector z = {p,q), in terms of which 
the corresponding SL{2, Z) monodromy matrix is written as = 1 + zz^S. According to 
( p.3| ) the charges of the branes transform as (si2 = zi x Z2 = Piq2 — <ii'P2)'- 

P : [Zi][z2] ^ [z2][K^^Zi] = [Z2][zi + S12Z2] , . 

: [zi][z2] ^ [K-'z2][z,] = [Z2 + Si2zi][zi]. 

The action on the invariant charges can be determined by looking at how many prongs are 
created/annihilated on each 7-brane in the canonical presentation P|, but charge conservation 
alone gives the answer too: 



p ■■ mm ^ m-si2Qi]m 
: mm] ^ m][Qi-si2Q2] 



(2.13) 
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Appending the invariant charges as superscripts to the branes, the complete action for both 
transpositions is: 

[Z2]^^ ^ [Z2]^™«MZ1 + S12Z2]'^^ (2.14) 

[Z2]«^ ^ [Z2+ sisZil^Mzi]^^"'^^'^^ (2.15) 

The crossing transformation that restores the original brane configuration after application 
of the monodromy K (see ( p.ll|) ) has an important property: it does not change the invariant 
charges of junctions with zero asymptotic charge. This is best seen by visualizing the motion 
of the 7-branes. In Fig. ^ we show the effect of the cyclic transformation Pi . . . Pn-i'- it 
corresponds to moving the rightmost 7-brane above the rest to the left. If a junction has no 
asymptotic charge, this 7-brane does not cross any string segment along the transformation 
and therefore the invariant charge of any of 7-branes does not change. Performing this 
transformation n times rearranges the 7-branes in the original order and although their 
monodromies change, the invariant charges of any given junction without asymptotic charge 
remain the same. 




I 



Figure 2: Action of Pi . . . Pn-i on a 7-brane configuration with a string junction of no asymptotic 
charge. While moving the rightmost brane, the [p, g]-charges of the branes change but the invariant 
charges of the junction do not. 

We note in passing that while the (7 = — 1 G T>[w) transformation does not change the list 
of branes, the invariant charges of any junction will change sign. 

3 Implementing Lie algebra Weyl transformations 

In section 2 we introduced the group T-C{w) of invariant crossing transformations. The el- 
ements of this group are crossing transformations b that leave the brane configuration w 
invariant, namely, bw = w. It is the purpose of this section to understand some of the 
structure of T-i{w). 
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We know that invariant crossing transformations act on junctions by shuffling their invariant 
charges, and therefore act on weight vectors of the Lie algebra carried by the branes. We 
will show that Weyl transformations of the Lie algebra can always be implemented at the 
level of junctions by invariant crossing transformations and this will take most of the work 
in the present section. Nevertheless, there are sometimes invariant transformations that do 
not correspond to Weyl transformations, but rather correspond to outer automorphisms of 
the root lattice of the algebra. This we found to be a surprise. We will give here a nontrivial 
example of this phenomenon. 

It is useful to define the subgroup Tiwiw) called the group of invariant crossing transfor- 
mations of Weyl type. A transformation is said to belong to Hwiw) if its action on weights 
corresponding to junctions is a Weyl transformation. There are some special invariant trans- 
formations that do not change junctions at all. Such transpositions belong to Hwiw) since 
they imply a trivial identity Weyl transformation. We give an example of such transposition. 

As we will see later in this paper, whenever Tiwiw) coincides with T-l{w), namely, if all 
invariant transpositions are of Weyl type, the characterization of duality groups is very 
much simplified. This will be the case for finite algebras, but not the case for afflne ones. 

3.1 Weyl transformations as invariant crossing transformations 

In this section our main objective is to prove that for any Weyl transformation of the Lie 
algebra Q{w) carried by a 7-brane configuration w there is a crossing transformation which 
implements this Weyl transformation at the level of junctions. This crossing transformation 
leaves the brane configuration invariant and simply acts on the invariant charges of junctions 
supported on the configuration. This action is such that the associated weight vectors 
undergo the desired Weyl transformation. We restrict our attention to the finite and afflne 
Kac-Moody algebras that can be obtained on localizable brane configurations. 

We begin by noting that Weyl transformations are generated by elementary reflections using 
the simple roots of the algebras in question. We also recall |jl9|, ^ |lT| that each simple root 
junction of the A''^, Ho<Ar<3, DAr>o, E6<Ar<8 and Eo<Ar<8 configurations can be represented 
by an open string ct (ck^ = —2) stretched between two possibly mutually non-local 7-branes. 

We now claim that there is a rearrangement of the configuration, equivalent to a crossing 
transformation b, such that the root a in question becomes an open string b{cx.) stretched 
between two mutually local 7-branes. This rearrangement corresponds to moving one of 
the two 7-branes on which ex. ends along the path of ex. itself until the brane is just to the 
side of other brane. This motion, for a particular example, is shown in Fig. ^. One can 
imagine the branch cut of the moving brane staying vertical, and one can see that indeed 
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this motion simply corresponds to a sequence of transpositions of branes. After this motion, 
however, many of the branes of the configuration may have changed identity, and therefore 
the configuration has not been left invariant. 




O Q • • • O 



Figure 3: An open string between two 7-branes can be transformed into an open string between 
two mutually local 7-branes by rearranging the branes. 

We now claim that the elementary Weyl reflection using the root a is obtained by first doing 
the transpositions in b, then doing the transposition Pi that interchanges the two mutually 
local 7-branes supporting the now short open string b{a.), and then using the brane that sits 
where the first one ended to retrace backwards the path, this is simply done by applying 
b~^. Two facts should be noted. First, the original open string a. changes direction, thus 
becoming —ex. as one would expect for a Weyl transformation generated by a. Second, by 
retracing the path, all changes of brane labels that the first tracing of the path caused are 
compensated and the brane configuration is now left invariant. It is now left to show that this 
sequence of operations {b~^Pib) performs the expected Weyl reflection on arbitrary junctions 
supported on the configuration. That is, 

Wa = b-^Pib: J^J + (J-a)a. (3.1) 

We first show explicitly that this formula holds in the special case when a is an open 
string stretching between two adjacent mutually local branes [zi] and [zj+i]. In this case 
a = Zi — Zi+i, and Wa = Pi, just the exchange of the two branes [zi] and [zj+i]. Consider 
now a general junction supported on the configuration 

J = ^ QkZk = ZiQi + Zi+iQi+i H (J . a) = Q-^-^ - g. . (3.2) 
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The exchange Pj of the mutually local branes [zi] and [zi+i] maps J to the new junction J' 
defined as 



Pi'. J ^ J' = ZiQi+i + Zi+iQi H = J + (J ■ ck) a , (3.3) 



where use was made of the explicit expression for oc and of equation (3^). This confirms 
our claim for this special case. 

Let us now return to the general problem and compute the action of h^^Pih on a general 
junction as follows 

( h-^P, h) (J) = [P,( 6(J))] = [ 6(J) + (6(J) ■ 6(a)) 6(a) ] , (3.4) 

where in the last step we used ( p.3|) where the role of a is played here by the junction 6(a) 
extending between the two mutually local branes that are transposed. Since 6-^6 equals the 
identity on any junction, and the intersection of two junctions is invariant under crossing 
transformations we find 

(6-iPi6)(J) = J + (J-a)a. (3.5) 

This completes our proof that Weyl transformations can be realized as crossing transforma- 
tions that leave invariant the brane configuration. Our realization has been very specific, and 
while all such crossing transformations belong to 7iw{w), they do not necessarily exhaust 
it, as we illustrate in section 3.2. 

One can wonder if there is a useful notion of Weyl refiections of the junction lattice of a 
configuration that makes no reference to the Lie algebra carried by the configuration. For 
any junction a such that (a ■ a) = —2 we could define 

>Va(J) = J + (J-a)a. (3.6) 

This transformation preserves intersection numbers and it is therefore an automorphism of 
the junction lattice. The transformations generated by junctions a of zero asymptotic charge 
correspond to the Lie algebraic Weyl transformations since such junctions are roots. On the 
other hand a transformation Wet generated by a junction a with asymptotic charge will 
change the asymptotic charge of the junction on which it acts. The significance of such 
transformations is unclear since they generically map BPS junctions to non-BPS junctions.^] 
Thus it may be that the only useful refiections of the junction lattice are those generated by 
roots of the Lie algebra carried by the configuration. 

^Consider the Eg junction a. = A'i^' + 2^'° — 5^'^'^\ with the Eg weight satisfying /i^ = 2. This 

junction has self-intersection minus two and non-zero asymptotic charge. Consider now Wck acting on the 
BPS junction 5^°^^\ One readily finds >Vq:((5(°'1^) = 2^f^^ ^i,uj' + AujP - 6^°'^'^ . We know that a necessary 
condition for a junction J of asymptotic charge {p,q) to be BPS is that J • J > —2 + gcd(p, q) ||]. Since 
(Wa(<5(°'^')) • iyVa{d^°'^'>)) = < -2 gcd(4, 0) , it follows that WaiS^°'^'>) cannot be BPS. 
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3.2 Further examples of invariant crossing transformations 

Above we presented a group of invariant crossing transformations that act on junctions via 
Weyl transformations of their Lie-algebraic data. This group, however, does not contain all 
invariant transpositions T-C{w) (see ( |2.7| ))of the generic 7-brane configuration. Among the 
additional invariant crossing transformations there are ones that are of Weyl type as well as 
others which are not. In the following we give an example for each. 

Dn: For simplicity, consider first the case of Di. This configuration has no root junction 
(a junction of self-intersection minus two and zero asymptotic charge) therefore there is no 
Weyl group of the usual kind, and there are no transpositions of the type discussed in the 
previous subsection. Nevertheless there is a nontrivial crossing transformation leaving the 
configuration invariant and thus belonging to T-C{w). This transformation leaves all charges 
unchanged, as will be shown now. Indeed, 

Pi P2 
P^Qa-qQbqQc ^ B'^^^'^'^Xjo ij'^'^C'^'^ > 'qQb+QaqQc+Qa p^~Qa 

P2 Pi 
'']^' A«^X[3,-i]«^X[_i,i]2Qc-Qs p^Qa^QbqQc . 

This transposition is obtained by first moving the A-brane around the BC branes twice 
and then moving the transformed B-brane through the cut of the C-brane. This brane 
configuration has this particular invariance because G T'(w) (section 5.3), and therefore 
the SL[2, Z) transformation T^'^ induced on the BC system by the A-brane can be undone 
by a transposition. 

Now, we can turn to the case of Dn, where clearly the same transformation exists leaving the 
configuration and all invariant charges unchanged. This transformation is trivially of Weyl 
type in that it acts on the junctions's Lie algebraic data as the identity. On the other hand, it 
is also clear that this transformation cannot be obtained by composition of transformations 
that interchange branes connected by an open string. This is the case because all such open 
strings in Dn join A branes and thus the B and C branes are never interchanged. 

Ei: This 7-brane configuration also does not admit any ordinary root junction. The only 
BPS junctions are multiples of the delta junction 6 that encircles the configuration. Having 
no real roots we have no transformations generated by open strings. Surprisingly, there is an 
invariant transformation that actually changes the Lie algebraic data of junctions. In doing 
so it shows that elements of T-C{w) may generate in general nontrivial automorphisms that are 
not of Weyl type. It would be of interest to exhibit those explicitly for affine configurations 

having a nontrivial Weyl group, but we focus here our attention to the case of Ei. The 
transformation in question is actually analogous to the one just considered above. We first 
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perform the following transpositions: 



^ ^[2,-l]^[-l,2]^[l,l] ^ ^ [3,-1] [-3,2] ^[0,1] 



(3i 



This transposition consists of moving the A-brane around the other 7-branes once in the 
counter clockwise direction. The linear transformation g induced on the charges is given by 



Qi 

Q2 

\Q3 J 



/ 1 -1 2 

1 10 

1 10 

\ -1 1/ 



1 \ f Qa\ 

Qi 

Q2 

\Q3 J 



(3.9) 



The effect on the charges of moving the A-brane around the other 7-branes three times is 
given by the linear transformation g^. We can restore the original configuration by transpo- 
sition P2-P3, 



n n n n {PiP2PaP3P2Pif „,„ n'" ( 
^ ^[2,-l]^[-l,2]^[l,l] ' ^ ^[5,-l]^[ 



2 

-7,2]^[-2,l] 



P2P3 



12,-1] 



1,2]""[1,1] 



The transformed charges Q are 

Qa = Qa , Qi = Q'3 + sg'a" - sg;" , Q2 = q'I' , Q3 = -q'^ , (3.10) 

where Q'" are obtained from Q by the linear transformation g^. Using ( |3.9|) we get 

Qa = Qa-SQi + 6Q2 + 3Q3, 

Qi = 3Qa + 3Q2 + 2Qs, 

Q2 = 3QA-2Q1 + 6Q2 + 3Q3, (3.11) 

Q3 = -3QA + SQ1-7Q2-3Q3. 

Thus we see that (1, P2-P3(-Pi-P2-P3-f3-P2-Pi)'^) £ ^{10) has a nontrivial action on the charges. 
Since there are no real root junctions with support on this configuration this element of 
T-C{w) is not of Weyl type. The motion of the A-brane around the other three branes has the 
effect equivalent to the action of a global SL{2, Z) transformation by T~^. We will discuss 
this action in more detail in section 6. 



4 Duality groups and Dynkin graph automorphisms 

The results of the previous section allow us to find and characterize the duahty group V{w) 
of a brane configuration w with monodromy K{w). Since crossing transformations cannot 
change the monodromy K{w) of the configuration, any element of the duality group must 
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leave the monodromy invariant and therefore is contained in StaJo{K), the stabihzer of K in 
SL{2, Z) {g e Stab(ir) ^ gKg-^ = K) 

V{w)<Z^tBh{K{w)). (4.1) 

The duahty group Viw) of the configuration will be the subgroup of Stab(-ft') that leaves 
the configuration invariant in the sense discussed in the previous section (see ( p.8| )). In any 
concrete case it is relatively straightforward to determine the group Stab(i^'). Then one must 
select T) by finding the subgroup of Stab(ir) for which there exist crossing transformations 
that restore the configuration. 

We have seen that K eT) (Proposition, sect. 2.1) and therefore {K}, the group generated 
by K, is a subgroup of the duality group V. Since {K} is a normal subgroup of Stab(/r), it 
is also a normal subgroup of V. We are thus led to define the quotient group 

V^V/{K}, (4.2) 

referred to as the reduced duality group, that will play an important role in the computations. 
Another general fact discussed before is that the transformation —1 G SL{2,'Z), clearly 
contained in Stab(i^') is also an element in T>. 

Consider now the action of an element {g, b) G S{w) of the symmetry group of the brane 
configuration. The set of transpositions b that restore the original configuration via {g,b)w = 
w will shuffle the invariant charges of junctions and therefore this symmetry maps junctions to 
(typically) different junctions. One nevertheless gets an automorphism of the junction lattice 
Aj; namely for any two junctions Ji and J2 mapping to J'l and J2 one has Ji • J2 = J'l • 
We therefore have a map 

S ^ Aut(Aj) , (4.3) 

from the symmetry group of the brane configuration to the group of automorphisms of the 
junction lattice. 

Let us focus for the moment on junctions representing roots of the Lie algebra associated to 
the brane configuration. In fact, more generally, consider junctions associated to elements in 
the root lattice Q of the Lie algebra. Such junctions, as discussed in length in earlier papers 
have zero asymptotic charges. It follows that symmetry transformations in S will map 
these junctions among themselves. In addition, for such junctions Ji ■ J2 = — Ai ■ A2, where 
Ai,A2 G Q are the associated elements in the root lattice. Since duality elements map to 
automorphisms of the junction lattice, by restricting to junctions associated to Q duality 
elements map to automorphisms of the root lattice Q. We therefore have: 

S Aut(Q) . (4.4) 
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On the other hand there is no canonical map T> — »• Aut(Aj), nor there is a canonical map T> — > 
Aut((5) from the duality group of the configuration. This is so because for duality elements, 
the compensating crossing transformation in T-C{w) used to restore the brane configuration 
is not uniquely defined. As discussed in section 3, a brane configuration typically admits 
crossing transformations b that leave it invariant. In fact, any Weyl reflection of the root 
lattice is generated on junctions by a crossing transformation b that leaves the configuration 
invariant. In the language of ( p.8|) the ambiguous action of a duality transformation g on 
junctions arises because the computation of such action requires the choice of some b such 
that {g, b)w = w. But b is ambiguous, if b satisfies this equation, bb does as well. 

If a configuration w has the property that 1-L{w) = Tiwiw), namely, every invariant trans- 
position is of Weyl type, then the map 

V ^ Ant{Q)/W . (4.5) 

is well defined. This is the case because all invariant transpositions map to the Weyl group. 
Since the duality elements {K} always map to Weyl group we also have the well defined 
map 

V ^ Aut{Q)/W . (4.6) 

In the above homomorphisms the quotient group to the right is well defined since is a 
normal subgroup of Aut{Q) (for this and other facts quoted below see, pO[). This quotient. 



for algebras of finite type, is simply the (graph) automorphism group F of the Dynkin diagram 
(and the ± above is not necessary). For infinite Kac- Moody algebras the above quotient 
includes, in addition to the graph automorphism F, the generator (—1) which changes the 
sign of every vector in the root lattice, and this is never a Weyl transformation. For finite 
algebras the transformation (—1) of Q is many times a Weyl transformation. From the list of 
finite algebras we consider, (—1) is not a Weyl element for the A^r series and for Eq. In such 
cases, (—1) is equivalent, up to Weyl transformations, to a graph automorphism. Since the 
element — 1 G P C SL{2, Z) precisely acts as (—1) on Q this shows that this transformation 
is nontrivial {i.e. not Weyl) for the series, for Eq and for affine algebras. 

In the next section we will show that T-C{w) = Tiwiw) for 7-brane configurations realizing 
finite algebras. This condition, however, may not satisfied for configurations realizing affine 
algebras, as we illustrated in section 3.2. Therefore in these cases ( [4.5| ) and ( [4.6| ) are not 



well defined since there is no unique choice of invariant transposition and different choices 
can induce non-Weyl action on the roots. 

Our strategy in this case would be to define the maps V ±F and V — » ±F with respect to 
a fixed set of invariant transpositions that can undo the effect of an SL{2, Z) transformation. 
The map is thus dependent on the choice of transpositions. An invariant characterization 
will require better understanding of the structure of 7i{w). 
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When defined, our interest is in the homomorphisms T> — >■ ±r and T> —>■ ±r, the latter 
capturing the interplay of duahty transformations with Lie algebraic data. Dualities in T> 
that map to nontrivial elements of F relate junctions appearing in different representations 
or junctions appearing as vectors in Q that are not related by Weyl transformations. For 
the finite algebras, we shall find cases when the map (p : V ±F is an isomorphism (for Eq, 
for example), and cases when it is onto but not one to one {D4, for example). 

We can readily find the implications for weight vectors in the case of configurations leading 
to finite algebras. In this situation Ji • J2 = — Ai ■ A2 + f{pi, qi',P2, 12), where / is a quadratic 
form determined solely by the monodromy K P|. Since duality transformations preserve K 
the automorphisms of the junction lattice arising from dualities give automorphisms of the 
weight lattice A. On the other hand for finite algebras Axit{Q) = Aut (A) since A = Q* . It 
thus follows that the homomorphism V ±F carries information on how representations in 
different conjugacy classes are mapped into each other by duality transformations. We leave 
the question of duality action on junctions corresponding general affine weight vectors open. 



5 Duality groups for finite-type configurations 



In this section we calculate duality groups V and give the homomorphisms to the corre- 
sponding Dynkin- graph automorphism groups F. These homomorphisms are characterized 
by : P ^ F, as discussed before. This section focuses on brane configurations of ellip- 
tic and parabolic monodromies realizing finite Lie algebras. The case of finite algebras is 
relatively simple to analyze. The 7-brane configurations realizing finite algebras have the 
property that H{w) = Hw{w) i.e, all invariant transpositions are of Weyl type. To prove 
this consider the action of a invariant transposition on the weight vector of a junction with 
support on the 7-brane configuration. If the transposition is not of Weyl type it will in- 
duce an outer automorphism on the weight vector. It was shown in ^ that for 7-brane 
configurations realizing finite algebras the conjugacy class of a weight vector corresponding 
to a junction is determined by the asymptotic charge of the junction. Since a transposition 
cannot change the asymptotic charge of a junction, it cannot change the conjugacy class of 
the corresponding weight vector. Therefore the action of the transposition on the weight 
vector cannot be an outer automorphism and hence must be a Weyl transformation. This 
simplification implies that the homomorphism V T is well defined for these cases. In table 
1 we list the relation between the conjugacy classes and the asymptotic charge for various 
7-brane configurations realizing finite algebras. In the case of since there are no outer 
automorphisms therefore every transpositions is trivially of Weyl type. This is consistent 
with the fact that there is a single conjugacy class for Eg. 
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g 


w 


C 


constraint 


An 


AN+i,AN+iC 


Zn 


p (mod iV) 


Dn 


A^BC 


Z.2 X Z2, N = even 


J9 — g (mod 2), q (mod 2) 






Z4, N = odd 


2p — q (mod 4) 


Ee 


A^BCC 


Z3 


p (mod 3) 


Er 


A^BCC 


Z2 


p + q (mod 2) 



Table 1: Conjugacy classes of finite algebras, their group structure C, and the asymptotic 
charges of junctions representing such conjugacy classes. 

Throughout this and the next section we denote by {■ • • } a group generated by the elements 
indicated by dots. In addition {■ ■ ■ | ■ ■ ■ } will denote the group generated by the elements to 
the left of the vertical bar, modulo the relations to the right of the bar. 



5.1 An configuration: A^+^ 

This configuration is built from [N + 1) [1, 0] branes. The monodromy is = T~^~^ 
and Stab(i^r) = {— 1,T}. Since T preserves the charges of the 7- branes, it belongs to the 
duality group just hke -1 e V. Therefore V{A^) = Stab(X) = = Z2 x Z, and 

P(An) = {-iL,r I = 1} = Z2 X Z^+i. 

On the other hand r{A]\[) = Z2 for > 2 and is generated by the transformation O : 
(oi, 02, • • • , On) ^ {O'n, • • • , Oi) of the Dynkiu labels. Since T does not affect the in- 
variant charges it leaves all Dynkin labels unchanged and therefore 0(7) — 1 E r{AN). The 
transformation —1, however, changes the sign of all invariant charges and therefore of all 
the Dynkin labels 

-1: (ai,a2, • • • ,a„) 1-^ (-ai, -a2, • • • , -a„) . (5.1) 

The Weyl transformation W which corresponds to rotating the 7-brane configuration by half 
a full turn can be seen to map 

W : (ai,a2, • • • ,an) (-On, -a„_i, • • • , -ai) . (5.2) 

We now recognize that the action of — 1 e SL(2, Z) on the Dynkin labels is given by the 
composition of O and W. Therefore the homomorphism from T> to r[AN) is defined as 

0(r) = +ier(Aj,) 
0(-iL) = Oer(Ajv). (5.3) 
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w 


K{w) 


V{w) 


V{w) 


Q 




Ai 




{-1,T} 


T-2 X Z2 


Ax 


1 


An>2 




{-1,T} 


Z2 X 


An 


Z2 



Table 2: Duality groups and graph automorphisms for An configurations. 

In case of Ai the computation of the duality group is identical and therefore P(Ai) = 
Z2 X Z2. On the other hand here r(Ai) = 1 and the —1 transformation is simply a Weyl 
transformation, thus the homomorphism is trivial. 



5.2 Hn configurations: A^+^C 

Since H3 = D3, and Hn>4 have hyperbolic monodromies, we need only focus on the config- 
urations Ho, Hi and H2. 

• Ho : The monodromy ir(Ho) ~ {ST)-^ and Stab(K) = {{ST)-^} (-1 G Stab(K) 
since {STf = -1). Since K e V, P(Ho) = Stab{K) = Zg, and ^(Ho) = 1. 
This configuration supports no junctions without asymptotic charges so there is no Q 
associated to it. 

• Hi : Here /^(Hi) ~ S'^ and Stab(ir) = {S}. Since K eV, P(Hi) = Stab(ir) = Z4 
and D(Hi) = 1. Since r(Ai) = 1, is the trivial isomorphism. 

• H2 : In this case /^(Ha) ~ -ST and Stab{K) = {ST}. Since {STf = -1, ©(Ha) = 
Stab{K) = Zq and ^(Ha) = Z2. Here 1(^2) = Z2, and it follows from Q and ([Sp 
that the homomorphism (p from ©(Ha) to T{A2) is given by 



;i) = +leT{A,), 

■1) = OeT{A2), (5.4) 



where C(ai,a2) = (02,01). 



5.3 Dn configurations: A BC 

We begin with some general remarks applicable whenever 7^ 0. We will show that T G P. 
Indeed a T transformation can be undone by taking the rightmost A brane on a round trip 
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w 


K{w) 


V{w) 


V{w) 


g 


m 


Ho 


(ST)-' 


{ST} = Ze 


1 






Hi 




{S} = Z4 


1 




1 


H2 


-{ST) 


{ST} = Ze 


Z2 


A2 


Z2 



Table 3: Duality groups and graph automorphisms for Hn configurations. 



encircling BC branes: 

TVT 1 T „ , PnPn+iPn+iPn ,t 1 

A^-^ABC ^ A^-^ AX[o,-i]X[2,i] ^ A^-^ABC. (5.5) 

In doing this operation the invariant charges on the branes, denoted as Qi, ■ ■ ■ Qn-i, for the 
inert A branes, Qn for the rightmost A brane, and Qb, Qci transform as 

Qi Q., i = l...N-l 

T 

Qn ^ —Qn — Qb + Qc i 

Qb Qb + Qn, (5.6) 

T 

Qc ^ Qc + Qn ■ 

On the other hand, we know form eq.(6.27) of how Dynkin labels are given in terms of 
invariant charges: 

ai = Qi- Qi+i , i = l...N -2 
ajv_i = Qn-i — Qn , (5.7) 
o-N = Qn-1 + Qn + Qb — Qc ■ 

One immediately deduces from the last two equations the action of the duality T on the 
Dynkin labels 

T : (ai, ■ ■ ■ , otv-i, a^) ^ (ai, ■ • ■ , oat, aAr_i) . (5.8) 

This exchange of the last two Dynkin labels is the familiar Z2 automorphism of the 
Dynkin graph. 



• Do : The monodromy K(BC) = — T"^ and Stab{K) = { — IL,T}. A junction of asymp- 
totic charge {p,q) on this configuration satisfies the condition p + q = (mod 2). 
After a transformation by T'^ if the branes can be brought back to the original ones by 
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branch cut moves then the transformed asymptotic charge {p', q') = (p + kq, q) must 
also satisfy the same condition. This imphes that /c = (mod 2). Indeed, a probe D3- 
brane in this background reahzes Af = 2 pure SW-theory whose BPS spectrum is not 
invariant under T transformation [Q. One can verify, however, that this configuration 
is invariant under transformation by T^: 

BC CX[3,i] BC. (5.9) 

It then follows that P(Do) = {-t,T^} and P(Do) = {-T^ | = -1} = Z4. 
Since this configuration supports no junctions without asymptotic charges there is no 
Q associated to it. 

Di : Here K{Di) = —T^ and Stab(-ft') = { — 1, T}. Since we have an A brane T G P. 
Thus r'(Di) = {-1,T} and ^(Di) = {T \ = -1} = Zg. This configuration does 
not support any root, therefore there is no Dynkin diagram. Nevertheless, as is well 
known, it carries a u{l) algebra, whose associated junction is the non-BPS junction 
J = 2a — b — c |[T^. For an arbitrary junction J the corresponding u{l) charge Q* is 
proportional to J- J ~ 2Qi + Qb — Qc- Both —1 and T are checked to take Q* —Q*. 

D2 : This configuration has ^(Da) = -T^, Stab{K) = {-l,r} = P(D2). Therefore 
P(D2) = {T I = — 1} = Z4. The configuration supports two roots representing the 
Ai © Ai algebra, it corresponds to two disconnected Dynkin nodes, with Dynkin labels 
ai and 02 correctly given by (|5.7|) . The action of T as given in ( p.8|) simply exchanges 
the two Dynkin labels. This is the non-trivial element of T{Ai (B Ai) = Z2. Therefore 
(j) : V(D2) = Z4 Z2 via 0(T) = -1 . 

D3 : Here K{Bs) = -T, Stab(is:) = {-]1,T} = V{Bs), and ©(Dg) = {T \ T = 
— 1} = Z2. Also T : (01,02,(23) = (ai, 03, 02) , is the non-trivial element of r(A3) = Z2 
(the labeling of nodes follows the Dj^ conventions; node number one is in the middle). 
Thus the homomorphism : ©(Ds) 1— > TlA^) = Z2 is the isomorphism 0(T) = —1 . 

D4 : In this case the monodromy is —1 and therefore Stab(A) = SL{2,'Z). Since 
invariance under T has been already established, we show that ViT)^) = Stab (A) = 
SL{2, Z) by demonstrating the invariance of the configuration under 5*. Indeed, 

S ^ {P5PiP3P2PlPlP2P3Pi) ^ 

A^BC > (X[o,i])^CB > A^BC. (5.10) 

It is possible to anticipate the action of S on the Dynkin labels. Recall from |Q 
that the various conjugacy classes of so(8) are correlated with asymptotic (p, q) charges 
mod 2. In particular in eq. (6.26) of P| we see that 8v and 8s representations arise from 
(1,0) and (0, 1) charges respectively (mod 2), while 8c arises from (1, 1). We see that 
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mod 2, the action of S on those asymptotic charges exchanges the ones corresponding 
to 8v and 8s while it leaves invariant that corresponding to Sc. In our conventions, 8v 
and 8s are associated to the first and third nodes of the Dynkin diagram, and therefore 
we expect S to act as the graph automorphism ai ^ 03. 

The transformations in ( ^.lOj ) imply that under S, the invariant charges transform as: 

Qi > Qb -Qt + 2^Qk i = 1...4 

Qb -Qc-2QB-2j2Qk (5.11) 

s \ - 

Qc ^ -Qb - y ,Qk- 

The resulting action on the Dynkin labels (|5.7| ) is given by 

5 : (01,02,035^4) ^ (— Oi , — 02 , — 03 , Oi + 2a2 + 03 + 04) . (5.12) 

A little calculation shows that 5 is a composition of Weyl reflections and the expected 
graph automorphism: 

S = O Wa^+ai+asWa^ , 0(ai , 02 , 03, 04) = (Og, 02, «! , 04) . (5.13) 

• Dn>5 : Here KCD^) = -T^-^ and Stab{K) = {-1,T} = P(Dn). Thus P(Dn) = 
{T I T^-^ = -1} = Z2(7v-4). Under T, using (IJ), we have (p : ^(Dn) ^ T{Dn) = 
7.2 is fixed by (f){T) = —1. Since we have a homomorphism, (/)(— 1) = (f){T^~^) = 
[0(T)]^~^ = (—1)^^^ = (—1)^. Thus for Djv with even, the transformation — 1 
maps to a Weyl transformation, while for odd, the transformation —1 is equivalent to 
the nontrivial graph automorphism up to a Weyl transformation. This is as expected; 
a change of sign of all Dynkin labels in the Dn algebras is a Weyl transformation only 
for A^ even (Ref. [||, sect. 13). 



5.4 En configuration: ^BCC 

• Ee: Here K{Ee) (ST)-^ and Stab(A') = {-1,^-} = Zg = V{Ee). Therefore 

T>(Eq) = { — 1} = Z2. In addition, T{Eq) = Z2, and its non-trivial element, up to a 
Weyl transformation, changes the sign of all the Dynkin labels (maps representations 
to their conjugates). It follows that the homomorphism : ^— > Z2 is fixed by 
(^(—1) = —1. This is an isomorphism. 
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{-1,T'} 


Z4 
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{-]1,T} 


Ze 


«(l) 




D2 




{-1,T} 


Z4 
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Z2 


D3 


-T 
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Z2 


M 


Z2 


D4 


-1 


SL{2, Z) 


P5L(2, Z) 




^3 


D4+N>5 




{-1,T} 




Dn 


Z2 



Table 4: Duality groups and graph automorphisms for Dn configurations. 5*3 is the permu- 
tation group of three objects. 
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K{w) 


V{w) 


V{w) 


g 




Ee 


-{ST)-' 


{ST} = Ze 


Z2 




Z2 


E7 


S 


{S} = Z4 


1 


E7 


1 


Es 


ST 


{ST} = Ze 


1 


Eg 


1 



Table 5: Duality groups and graph automorphisms for En configurations. 

• Er: Here K{Er) ~ S and Stab(ir) = {S} = Z4 = V{Er). It follows that ViEj) = {1}. 
Since TlEj) is also trivial the homomorphism is trivial. Dualities will preserve Weyl 
orbits, and therefore representations. While the duality —1 = 5'^ changes the sign of 
all Dynkin labels, this is simply a Weyl transformation of Ej. 

• Eg: Here K{Es) ~ (ST)-' and Stab(ir) = {{ST)-'} = Zg = ^'(Es). Just as in the 
case of Ej we have VlEg) = {1}, ^{Eg) = 1 and a trivial homomorphism 0. 



6 Duality groups for affine configurations 

In this section we will try to extend the result of previous section to the case of affine 

exceptional configurations Eg, Ei, and the series E^r for 1 < iV < 8. These configurations 
are more interesting because of their relation with del Pezzo surfaces [0 but at the same 
time more difficult to analyze since for these configurations T-C{w) 7^ Hw{u]) i.e, not all 
transpositions are of Weyl type. This means that there are elements in T-C{w) whose action 
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on roots may be outer automorphisms of the root lattice. Our strategy in this case will be to 
find the map V{w) / {—1} ^ ±r for a fixed set of transformations used to undo the SL{2, Z) 
transformations in V(w). 



We begin with some general remarks applicable to the the affine exceptional brane configura- 
tions En = A^~-'-BCBC with 2 < < 8. All such configurations have at least one A brane. 
They have monodromy /^(En) = T^~^, and one readily finds that Stab(i^) = {— 11,T}. We 
now show that T G P for n > 1 by an explicit calculation quite similar to that given in ( |5.5| ). 
We make the A brane do a counterclockwise round trip around the other branes: 

ABCBC > AX[o,-i]X[2,i]X[o,-i]X[2,i] > ABCBC. (6.1) 

Let {Qa, Qb^ Qc^ Q\-i QcI denote the invariant charges on the branes. The transformed 
invariant charges are found to be 



Qa 

Qc 
Ql 
Ql 



T 



T 



T 



T 



Qa + q, 
Qb + Qa, 
Qc + Qa , 
- Qa , 
-Qa. 



(6.2) 



Ql 



Here, q = Q^. + Q^ — Q^^ — is the total g-charge of the junction J. Since we are only 
interested in junctions that correspond to states in the root lattice, we set g = 0. We see 
that the effect of the T transformation on a junction of with zero q charge is simply 



J^3 + Qa{J) S. 



(6.3) 



Here, Qa{J) is the invariant charge on the A-brane used to undo the effect of the T trans- 
formation, and 5 = bi + b2 — Ci — C2 [r^|. Indeed, when there is more than one A brane, 
any of them can be used to undo the effect of T. We have therefore shown that 



P(En) = {-]1,T}, 2<iV< 

Eg being the composition of two copies of D4 has ^^(Eg) = 
K{E^) = T^-^ we also have 



L (6.4) 
SL{2,Z). In addition, since 



D(En) = {-1,T|T 



9-N 



1} = Z2 X Z 



9-Ni 



2< N < 



(6.5) 



The group Aut{Q)/W of an affine algebra, written as ±r in section 4, is more precisely 
written as 



Aut{Q)/W = Z2 X r 



(6.6) 
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where the element (—1, e), with e the identity in F, is the transformation Q —>■ —Q reversing 
the sign of all the vectors in the root lattice, and thus reversing the sign of all Dynkin labels. 
An element of the form (0, /i G F) simply acts by the graph automorphism h of the Dynkin 
graph of the affine algebra. The duality —1 G ^'(En) maps to (1, 0) in V and then 

: (1, 0) G P = Z2 X Zg^AT (1, e) G Z2 X F (6.7) 

Our computations will require finding how T G 15 acts. For this we note that it maps to 
(0, 1) G V. We will find that 

: (0, 1) G P = Z2 X Z9_^ -> (0, h{T)) G Z2 X F , (6.8) 

where h{T) is a graph automorphism. This map respects the product structure of the groups 
involved. 

To simplify the formulae we also introduce the following notation for Weyl transformations, 

^Ci2'-<'= = Wn,a,^+n2a,2 + -rn,a,^ ■ (6.9) 

Let us now consider in detail the various configurations in the above series. We will show the 
brane configurations and indicate the simple root junctions. Then we select an A brane to 
undo the T duality and use equation ( |6.3| ) to find the action on the simple roots. The final 
step is writing this action as the composition of a Weyl transformation and the action arising 
from a Dynkin graph automorphism. The answer is the graph automorphism h{T) G F 
defined in equation (|67^). 

• E2: The T transformation acts trivially on the roots since the A-brane supports no 
root. Therefore 

h{T) = 0. (6.10) 

1 

• o tf'^^^^ O Q 

1 

Figure 4: E2 brane configuration and Ai Dynkin diagram. 

• E3: Using the rightmost A brane of the figure, T acts on the simple roots as follows, 

T : (tto, «i, "2; /3o,A) (ao- 5, ai + S, a2 ; Po + S S) . (6.11) 
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Here, (ao ? ; (^2) are the roots of A2 and (/Sq , are the roots of Ai. It is easy to 
verify that acting on simple roots 

T^(w^,W^,0,Wf,,0'y (6.12) 

where the first and second terms indicate the action on the A2 and Ai roots respectively. 
The graph automorphisms O and O' are 

O{ao, ai, 02) = (02, ao, ai) , O'{(5o , = , /3o) ■ (6.13) 

These are elements of T{A2 (B Ai) =Vq x Z2, where Vq denotes the symmetry group 
of the triangle, here formed by the A2 simple roots, with O the elementary rotation. 
In addition, O' is the nontrivial element of Z2, representing the exchange of the two 
simple roots of Ai. In summary; 

h{T) = {O , O') e X Z2 = V{A2 ® M) . (6.14) 



1 




o — o 



I' 12 

Figure 5: E3 brane configuration and A2 Ai Dynkin diagram. 

• E4: Using the rightmost A brane the nontrivial action of T on the roots is given by 

T : {a2, a^) {a2 — S, 014 + 5) . (6.15) 

A calculation shows that 

T = C W1W2W3W0W1W2 , O{ao, CKi, a2, eta, = (as, q;4, ccq, cki, a2) . (6.16) 

Here C implements the transformation e ^{Ai) = Vio, where a; is a cyclic minimal 
rotation of the pentagon. Note that co^ is a generator for the Z5 subgroup of rotations 
of ViQ. Thus, in summary 

h{T) = = uj^ eVio, (6.17) 
Note that in D, = 1, and this is consistent with the map to Viq. 
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Figure 6: E4 brane configuration and A4 Dynkin diagram. 

• E5: Using the rightmost A brane, the action of T is: 

T : {ao, as) {ao -S, a^ + S) , (6.18) 

This time we find 

T = OW2W1234W35 , O{ao, «!, a2, a^, a4, as) = (q;4, as, a^, a2, ai, ao) (6.19) 

Here O G ^(D^) = Vg, is a generator for the Z4 subgroup of Vg, consistent with 
= 1 in D. In summary: 



h{T)^Oer{D,)^Vs. 



(6.20) 




Figure 7: E5 brane configuration and D5 Dynkin diagram. 

• Eg: Using the leftmost brane, one finds that T induces the transformations 

T : (ao, as) {ao - S, + 5) . (6-21) 

A calculation shows that 

T^O W34Wi234Wi23gW2sW45 , (6.22) 

where O e T(Eq) = S3 is the generator of the Z3 subgroup of 5*3 performing the rigid 
minimal rotation of the Dynkin diagram: 

O{ao, ai, a2, a3, a4, as, a^) = (ai, as, a4, as, Uq, ao, a2) . (6.23) 
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Figure 8: Eg brane configuration and Eq Dynkin diagram. 



This is compatible with = 1 in V. In summary: 

h{T)^OeT{%)=S^. 



(6.24) 



• E7: Using the leftmost A brane, T acts as 

T : (cto, «i) ^ («o — ^, «! + 5) 

T =01^45^^45267^^12324567^^122324257^^34, (6.25) 

where O e r(£'7) = Z2 is the nontrivial generator of the graph automorphism, and 
exchanges the two long branches of the Dynkin diagram: 

0(q;o, Q;i, 0:2, as, "4, "5, "6, «?) = ("i, "o, "6, "5, "4, "3, "2, a?) • (6.26) 

This is compatible with T'^ — 1 in V. In summary: 

h{T) = eT{Er) = Z2. (6.27) 




I ) 

Figure 9: E7 brane configuration and Dynkin diagram. 

• Eg: Using the leftmost A brane the T action is: 

T : {ao, Oil) ^ {ao - 2S, ai + 5) (6.28) 



29 



Since T{Eg,) = 1, the above ought to be a pure Weyl transformation. Indeed, 

T = 1^0^^123456^^123458^^34567^^23452 678^^6^^3452 678^234568 

•^56^^1234567^^12^^12345678^^34568^^12345268 • (6.29) 

Therefore h(T) = e is the identity element in the trivial group T(Es) = 1. Indeed 
T = 1 in D as well. 
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Figure 10: Eg brane configuration and Eg Dynkin diagram. 



We now consider in detail the special cases: 

• Eq: This configuration consists of three 7-branes X[2,-i]X[_i 2]X[i_i] (eq(3.10) of [|l^ with 
last two branes interchanged). Therefore K(Eo) = and Stab(-ft') = { — ]1,T}. An im- 
portant property of this configuration is that the asymptotic charge {p, q) of every junction 
satisfies the condition p ~ q = 0(mod3). An argument similar to the one used for Dq 
proves that if G V{w) then k = (mod 3). By explicit computation one can show that 
T3 e V{w): 

X[2,-l]X[_i^2]X[i^l] > X[_i _i]X[5^2]X[4^1] > X[2 -l]X[_i_2]X[i^l] . (6.30) 

Thus ViEo) = {-1,T'^} and ^(Eq) = {-^,T^ | = 1} = Z2 x Z3. This configura- 
tion supports no algebra. The only junctions having no asymptotic charges (localized) are 
multiples of the delta junction 

S = X[2 -1] + X[_l,2] - X[i,i] , (6.31) 

which can be represented as a (—1,0) string circling the branes in the counterclockwise 
direction. The action of the duality transformation on a general junction is found 
as usual using the brane transpositions in ( p.30| ). Denoting the invariant charges on the 
X[2,-i], X[_i_2], andX[i 1] branes by Qi,Q2 and Q3 respectively, we find that 

: (Qi, Q2, Q3) ^ (Q2 , -Q3 , -Qi + 3(g2 + ^3) ) • (6.32) 
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In this notation the delta junction is (1,1,-1), and one readily verifies that leaves it 
invariant. This was expected, since leaves invariant the (—1,0) string, and brane trans- 
positions cannot affect a looping string. 

• Ei: Here K(Ei) = and Stab(-ft') = {— 1,T}. Since this brane configuration has an 
A— brane a simple computation shows that T G V{w): 

T P1P2P3P3P2P1 

AX[2 -i]X[_i^2]X[i^i] > AX[i _i]X[i^2]X[2,i] > AX[2 -i]X[_i^2]X[i^i] . (6.33) 

Thus ©(El) = {-]1,T} and P(Ei) = {-11,T | = 1} = Z2 x Zg. A localized junction on 
this configuration is specified by the number of 6 loops (the junction in ( |6.31D ) and a u{l) 
charge Q. We thus write J = m6 + QJ [0] where 

J = 3a-X[2_i] -X[i,i]. (6.34) 
Under the T transformation the junction J = (m, Q) transforms as 

T ■.{m,Q)^{m + 3Q,Q), (6.35) 
which follows because the A brane that must be circled around has invariant charge 3Q. 
Since the monodromy of the configuration is T^, we see that 

: (m, g) ^ (m + 24Q, Q), (6.36) 

should be a transformation that can be generated simply by crossing transformations. Such 
a tranposition (actually its inverse) was discussed in section 3.2. It is not of Weyl type 
because there are no real root junctions for this brane configuration. 

Indeed, the required transposition is the inverse of that discussed in section 3.2 for the case 
of El. These transpositions are equivalent to first taking the A brane clockwise around 
the other three branes three times. This has the effect of changing the labels of the other 
three branes as if acted by T^. Those branes are then restored to their original labels by 
performing the transpositions indicated in the second step of ( |6.3CI|) . The first step takes 
a junction J = m6 + QJ and adds to it {—3Qa) = —9Q delta junctions. This step, while 
changing the labels of the three rightmost branes, it does not change the invariant charges 

they have; these are, in the notation used for Eq, Q{—1, 0, —1) (see (|6.34|) ). Using ( |6.32[) we 
see that under the restoring transposition: Q{—1,0,—1) Q{0,1, —2) = Q{—1, 0,-1) + Q6. 
Therefore, the complete series of transpositions b adds (—9 + 1)Q = —8Q delta junctions: 

b: {m,Q) ^ {m-8Q,Q) (6.37) 
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Comparing with ( 6.36 ) we see that indeed has the same effect as the transposition (b)^^. 
Since a T duahty adds 3Q delta junctions, and we can add or remove 8Q delta junctions by 
transpositions, is the lowest power of T that is equivalent to a transposition. 

• Ell Here i^'(Ei) = T®. A junction of asymptotic charge {p,q) with support on this 
configuration satisfies the condition p+q = (mod 2). Thus if G T>{w) then k = (mod 2). 
By explicit computation one can show that eV{w): 



BCBC 



rp2 



-l]X[3^1]X[_i _i]X3^1] 



p-lp-1 



BCBC 



(6.38) 



Thusr'(Ei) = {-]f,r2} andI?(Ei) = {-1,T^ | = 1} = Z2XZ4. The transformation 
acts on the invariant charges in the following way. 



T : {Qbi , Qci , Qb2 ; Qc2 ) ^ {Qci , ~Qbi + 2(5 Ci ) Qc2 1 ~Qb2 + 2Q 



C2J 



The invariant charges of the root junctions and the delta junction 6 are ||T2 

ao = (1, 0, -1, 0) , ai = (0, 1, 0, -1) , 6 = cxo + a^ = (1, 1, -1, -1) . 
Thus from ( |6.39 ) and ( 6.4C ) it follows that 

: (ao , ai) {ao — 5 , ai + 5) . 



(6.39) 



(6.40) 



(6.41) 



T{Ai) = Z2 where the nontrivial element is O{ao , ai) = (cti , ao). One can verify that acting 
on the simple roots 

T2 = OWo . (6.42) 
Therefore, (f) : V{Ai) t—>- 7.2 x r(y4i), is determined by 

h{T^) = 0. (6.43) 
This completes our analysis of the duality groups of afiine exceptional brane configurations. 

1 

o Q O 

1 



Figure 11: Ei brane configuration and Ai Dynkin diagram. 
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w 


K{w) 


V{w) 




6? 


Aut{Q)/W 


Eo 






Z2 X Z3 






El 


rp8 




Z2 X Z4 




Z2 X Z2 


El 




{-]1,T} 


Z2 X Zg 


Ml) 




E2 




{-]1,T} 


Z2 X Zy 




Z2 X Z2 


E3 




{-1,T} 


Z2 X Zq 


A2©ll 


Z2 X (Pe X Z2) 


E4 




{-]1,T} 


Z2 X Zg 


A, 


Z2 X Pio 


E5 




{-]1,T} 


Z2 X Z4 




Z2 X Vs 


Ee 




{-]1,T} 


Z2 X Z3 


Eq 


Z2 X I?6 


Er 


T2 


{-]1,T} 


Z2 X Z2 


Er 


Z2 X Z2 


Eg 


T 


{-]1,T} 


Z2 


Es 


Z2 


Eg 


1 


SL{2, Z) 


PSL{2, Z) 


Eg 


? 



Table 6: Duality groups and graph automorphisms of En configurations. Ve — S3 is 
permutation group of three objects and X>2Ar, the dihedral group, is the group of symmet 
of the regular n— gon. 
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